The three-dimensional free vibration analysis of isotropic rectangular elastic plates with standard undamaged or damaged boundaries is studied using the Chebyshev spectral collocation method. It was assumed that the plates had two free lateral surfaces and two opposite simply supported surfaces, while the other surfaces could be clamped, simply supported, free, or damaged clamped boundaries. In the present study the boundary conditions are coupled with the governing equation to obtain the equivalent algebraic eigenvalue problem in terms of the Chebyshev collocation grid. The results obtained indicate the behavior of the natural vibration frequencies with respect to the severity of the damaged boundary. This analysis can possibly lead to an efficient technique for damage detection of structures in which joint or boundary damage plays a significant role in the dynamic characteristics.
INTRODUCTION
Identifying and detecting damage is one of the most important engineering topics of recent decades. Damage is defined as a change in the system that affects its current or future performance. As far as damage accumulated in structural elements is concerned, it is usually estimated in terms of changes in overall elastic stiffness. The boundaries of a structure are usually represented in idealized forms, which are far from being real. For example, a beam that is connected to rigid supports at its ends, but free to rotate, is modelled using simply-supported (pinned) boundary conditions, which require transverse deflections and moments to be zero. However, the hole and pin assembly may have small gaps, intended to cause friction, that may introduce small deflections and/or moments at the ends. 1 Many researchers have studied three-dimensional vibrations in plates. For example, Srinivas et al. derived closed form solutions for simply-supported thick plates. 2 Later, Leissa and Zhang obtained solutions based on the three-dimensional elasticity theory for cantilevered parallelepipeds. 3 Furthermore, Malik and Bert employed the differential quadrature method to solve free vibration in three-dimensional, thick plates with two simply-supported, opposite edges; this was done in order to reduce the problem from three-to two-dimensional, since the solution in the direction in which these plates were simplysupported was known. 4 Liew et al. applied the Ritz formulation to solve the free vibration problem of thick, rectangular plates. 5 Moreover, Liew et al. and Liew and Teo applied the differential quadrature method to study the free vibration of rectangular plates.
6, 7 Sundara Raja Iyengar and Raman obtained the natural frequencies of thick plates with clamped and simplysupported edges through the method of initial functions. 8, 9 Nagino et al. applied the B-spline Ritz method to analyse the free vibration of isotropic rectangular plates. 10 Civalek applied the discrete singular convolution method to study the threedimensional vibration, buckling, and bending analyses of thick plates. 11 Fromme and Leissa, as well as Hutchinson and Zillimer, analysed the free vibrations of a completely stress-free rectangular parallelepiped by applying the series method. 12, 13 Zhou et al. applied the finite layer method to study the free vibration analysis of thick, rectangular plates with point supports. 14 Houmat proposed the h and p version finite element method based on the pentahedral p-element, to investigate the free vibration of several thick plates. 15 The Chebyshev spectral collocation method has been applied to modal and free vibration analyses of various types of structures, due to its high rate of convergence and accuracy. Yagci et al. used a spectral Chebyshev technique for solving linear and nonlinear beam equations, and the method was applied to the Euler-Bernoulli and Timoshenko beams. 16 Lin and Jen applied the Chebyshev collocation method to laminated and non-rectangular, anisotropic plates, and compared the results with those obtained from the finite element method. 17, 18 Trefethen obtained the natural frequencies of a clamped square Kirchhoff plate by defining a function that satisfies the boundary conditions in the x and y directions. 19 Luo used the Chebyshev collocation method to solve a wave propagation problem in a three-dimensional cube with all sides constrained with homogenous Dirichlet boundaries, by stacking two-dimensional (x, y) slice matrices along the z direction. 20 Butcher et al. and Sari and Butcher studied the effects of a damaged boundary (represented by a spring with a finite stiffness) for the examples of the longitudinal vibrations of a uniform bar and the transverse vibrations of a tapered beam. 21, 22 For three-dimensional structures, the amount of damage at the boundary may be represented by the tensor of boundary integrity loss first defined by Butcher et al. 21 In this study, the Chebyshev spectral collocation method was employed to study the effects of non-ideal boundary conditions, which represent damage on the three-dimensional natural free vibration frequencies of rectangular isotropic elastic plates. It was assumed that the plates had two free lateral surfaces and two opposite simply-supported surfaces, while the other surfaces could be clamped, simply-supported, free, or damaged clamped boundaries. The dimensionless forms of the governing equations of rectangular plates and the corresponding boundary conditions were obtained in terms of a Chebyshev collocation grid, after reducing the problem by using the analytical form of the mode shape in the direction of the simply-supported surfaces. For the case where all boundary conditions were standard (undamaged), they were expressed in an explicit way, unlike in Trefethen's book, where the clamped boundary conditions of a square Kirchhoff plate were satisfied by deleting the first and last rows and columns of the spectral bi-harmonic operator, and the results were verified for accuracy with those available in the literature. 19 For the case with one or more damaged boundaries, the results were obtained specifically in terms of a boundary damage factor, which allowed for a wide range of damage between fixed (i.e., undamaged) and free ends. It is shown that as the damage increased, the natural frequencies decreased, and the damage had a greater effect on the higher natural frequencies.
GOVERNING EQUATIONS
Consider a thick, isotropic, homogeneous, rectangular plate with length a, width b, and uniform thickness h, as shown in Fig. 1 . The governing equations for free vibration are written in non-dimensional form as
where U = u/h, V = v/h, and W = w/h are the normalized versions of displacements u, v, and w in the normalized X = x/a, Y = y/b, and Z = z/h directions, respectively; and λ = a/b, α = a/h. Also, G is the shear modulus of the plate and Ω is the dimensionless angular frequency, defined as Ω 2 = (2(1+ν)ρa 2 /E)ω 2 , where ν and ω represent the Poisson ratio and the natural angular frequency in rad/s, respectively. In the present study, it was assumed that the boundary conditions on the surfaces in the x direction were simply-supported so that the analytical solution may be assumed in that direction as:
in which m = mπ and m is an integer, while the surfaces in the z direction were assumed to be free so that the traction components were zero on the lateral surfaces. The free boundary conditions on these surfaces can be expressed as:
The boundary conditions on the sides Y = 0, 1 can be clamped, simply-supported, free, or damaged. For a clamped Y side U = 0;
At a simply-supported Y side, the tangential displacements and the normal traction equal zero, so the boundary conditions can be expressed as:
At a free Y side, the normal stress σ y , and the shear stresses τ xy and τ yz equal zero. In this case, the boundary conditions can be expressed as:
at Y = 0 or/and 1. 
DISCRETIZATION VIA THE CHEBYSHEV SPECTRAL COLLOCATION
Gauss-Chebyshev-Lobatto or Chebyshev collocation points are the points defined as the projections on [−1, 1] of equallyspaced points on the upper half of the unit circle, as shown in Fig. 2a ; or, alternatively, as the extreme values of the Chebyshev polynomials of the first kind. For the set of m = N + 1, which represents the Chebyshev points corresponding to the N th order Chebyshev polynomial, the m×m Chebyshev differentiation matrix D N was obtained by interpolating a Lagrange polynomial of degree N at each Chebyshev point, differentiating the polynomial, and then evaluating the polynomial at each Chebyshev point. 19, [23] [24] [25] When discretizing partial differential equations by the Chebyshev collocation, the first derivative is represented by D1 = D N , the second derivative by D2 = (D1) 2 = (D N ) 2 , and so on. To apply the Chebyshev collocation method to the reduced system of Eqs. (1-3) with the appropriate boundary conditions, a two-dimensional Chebyshev grid was created, as shown in Fig. 2b , and an equivalent algebraic eigenvalue problem was obtained using the Kronecker product operator, in which the range of the Chebyshev points was shifted to [0, 1] .
The details of the Chebyshev matrices, as well as the discretization of the governing equations and boundary conditions, has been omitted. The reader is referred to previous papers that show full details about the presented numerical technique and how it may be applied to formulate the algebraic eigenvalue problem for different continuous systems. [23] [24] [25] The resulting 3m 2 × 3m 2 dimensional algebraic system takes the form
where S BB and S II are square sub-matrices of size 3(4m − 4) and 3(m 2 − (4m − 4)), respectively, while S BI and S IB have appropriate dimensions. From the top partition, we obtain
Substituting Eq. (8) into the bottom partition of Eq. (7) yields
The dimensionless frequencies were obtained from the eigen-
In the case of pure shear vibration modes, the dilatation was equal to zero. In this case, the governing equations were uncoupled, while the boundary conditions were still coupled. 4 As stated in that study, the clamped and simply-supported boundary conditions remained the same, while the free boundary condition was further simplified. Also, this analysis can be compared to the problem in which the x-axis sides of the plate are not assumed to be simply-supported, in which case the size of the algebraic system in Eq. (7) would be 3m 3 instead of 3m
2 . This reduction is thus highly advantageous, especially if m is relatively large.
PLATES WITH UNDAMAGED BOUNDARIES
Dimensionless frequencies were obtained for rectangular plates with different boundary conditions, where a 17 × 17 collocation grid was used, based on the convergence analysis shown in Table 1 . The results show excellent agreement when compared with others available in the literature. All natural frequencies shown are for aspect ratios a/b = 1/2, 1, and 2, while the thickness ratios used were h/b = 0.1 and 0.2. Poisson's ratio was assumed as ν = 0.3. The dimensionless natural frequencies were expressed in the form
which has been commonly used in the literature. From Table 1 it may be noted that 17 points were enough to attain convergence up to the ninth natural frequency, while only 14 points were sufficient for the first three natural frequencies. Other convergence analyses were carried out for different cases, but not included here for brevity. It should be mentioned that there is no need to add one grid line adjacent to each of the Z sides separated by a small distance of the order 10 −6 , as suggested by Malik and Bert, since at the corners it is reasonable to apply the boundary conditions either on the Y or the Z side. In Tables 2-4 , the results obtained were compared with others available in the literature. The frequency parameters were multiplied by 2/λπ 2 , in order to be compared with other studies. It was noted that excellent agreement was obtained for the SSSS and SFSF square plates for both thickness ratios. Good agreement was noticed when compared with other results, as shown in Table 4 , and it should be kept in mind that all results shown in this table resulted from numerical approaches, since no exact solutions were available for this case.
The reason for including the pure shear modes was that some frequencies would be missed if the dilatation was not assumed to be zero, where in this case the index m began at zero rather than one, as usual. The results indicate that as the thickness decreased, the frequencies increased. Also, as stated by Malik and Bert, it was seen that as the plates become thinner, the frequencies approached the values of the classical plate theory (Kirchhoff plate theory). 4 When studying the free vibration problem for the three-dimensional, thick plates, comparisons with the other two dimensional theories (Mindlin and higher order theory) were often shown; however, these comparisons were not included in the present study. Table 5 shows the first nine natural frequencies of SSSS and SCSC rectangular plates at two aspect ratios and two thickness ratios. It was observed (as expected) that as the aspect ratio increased, the frequencies increased, and this increase was more obvious at the higher modes. However, as the thickness ratio increased, the frequencies decreased. It was also noticed that for a specified aspect and thickness ratio, the frequencies of the SCSC were greater than those for the SSSS plate, since it had two clamped edges. One exception was the first natural frequency at a/b = 1/2, and h/b = 0.2, where it was found that the first natural frequency was the same for both types of plates.
Other cases are shown in Table 6 , where the first nine natural frequencies for SSSC and SSSF rectangular plates are presented, and it was noticed that some frequencies that appear in the table were missed or omitted from Table 6 , obtained by Malik and Bert. 4 Moreover, for SSSC and SSSF rectangular plates, all frequencies were obtained (with some deviation), but at higher modes when compared to those listed in Table 6 by Malik and Bert.
4 Table 7 shows the first nine natural frequencies for the SCSF and SFSF rectangular plates, where some missing frequencies were found in those cases, as well.
PLATES WITH DAMAGED BOUNDARIES
For a plate with a damaged boundary at Y = 0, the boundary conditions at this surface were expressed as:
where k x , k y , and k z were fictitious translational springs attached to the edge Y = 0. Equation (11) was written in non- dimensional form as:
where
are the non-dimensional damage parameters associated with the springs in the three directions. It should be mentioned that if these parameters equal zero, then the boundary is a clamped one, while if they equal infinity, then the boundary corresponds to a free one. If the springs are attached at the edge Y = 1, the boundary conditions will be the same as in Eq. (12), except that the right hand side of each equation will be multiplied by a minus sign. In Figs. 3-4 , the first three natural frequencies were plotted versus the damage parameters α X , α Y , and α Z , for different boundary conditions. The symbol "D," in describing the boundary conditions, symbolizes a damaged boundary.
In Fig. 3 , the first three natural frequencies were plotted versus the damage parameters for a square SDSD plate with a thickness ratio equal to 0.1. According to this figure, when the damage parameters vanish, which means that no damage is introduced at the associated boundary, the frequencies correspond to that of a clamped boundary. On the other hand, as the damage parameters increase, the natural frequencies decrease, and if the parameter of damage equals infinity (totally damaged), the frequencies correspond to those of a free boundary (these values are represented by the dashed lines in Figs. 3-4 ).
An interesting observation is that the natural frequencies tended to decrease at a smaller rate when compared to the Kirchhoff and Mindlin plates. Another comment to report here was that the eigenvalue veering phenomenon between the second and third modes at α X = α Y = α Z ≈ 0.40. Eigenvalue veering refers to a region in which two eigenvalue loci approach each other and almost cross as the system parameter was changed. However, instead of crossing, they appear to have veered away from each other. 26 Moreover, it was noticed that the second natural frequency was more affected by the increase in the damage parameters.
Regarding Fig. 4 , the same observations were noticed; however, it was obvious that the rate at which the frequencies decreased was smaller than that in Fig. 3 , since only one boundary was considered to be damaged. Furthermore, the third natural frequency was affected more with the increase in the damage parameters, and the veering phenomenon took place between the second and third modes at α X = α Y = α Z ≈ 10.70. It is worth mentioning that the three frequencies shown in Fig. 4 belong to the anti-symmetric (1, 1), (2, 1), and (1, 2) modes, respectively. While the damage parameters were increasing, the veering caused an exchange of mode shapes to the anti-symmetric (1, 1), (1, 2) , and (2, 1) modes, respectively. The exchange in the second and third modes could be predicted by calculating the frequencies of the SCSF and SFSF plates. Figure 5 shows the first natural frequency, versus the damage parameters α X and α Y for α Z = 2 of a SDSD square plate with h/b = 0.1, since in general the damage parameters are not equal. In this three dimensional plot, it is shown that the first natural frequency decreased as both damage parameters increased, and the decrease was more significant with respect to α X . Moreover, it was expected that f 1 will be greater than 3.365, if α Z was smaller than 2.
CONCLUSIONS
The Chebyshev spectral collocation method was applied to study the three dimensional free vibration frequencies of rectangular isotropic plates with undamaged and damaged boundaries after reducing the size of the governing equations by substituting the analytical form of the mode shape in the direction of the simply-supported surfaces. Convergence analysis was carried out to determine the sufficient number of collocation points to use in the two-dimensional y-z coordinate plane, and the boundary conditions were coupled with the governing equation. The use of Chebyshev spectral collocation enables the resulting system to be expressed as a linear algebraic eigenvalue problem, from which the natural frequencies were easily obtained.
The natural frequencies of several undamaged cases were calculated and compared with other results available in literature.
4, 5 Subsequently, the effects of the damage parameters on the first three natural frequencies were studied, where it was shown that as the damage increased the natural frequencies decreased. Furthermore, the eigenvalue veering phenomenon was observed between the second and third mode shapes for the square SDSD and the rectangular SDSF, with a/b = 2 cases. To the authors' knowledge, it is believed that this was the first time the Chebyshev collocation method was applied to the three-dimensional vibrations of thick plates in an efficient way. In particular, in this formulation there was no need to express clamped boundaries by deleting the first and last rows and columns of the matrix bi-harmonic operator, or to add one grid line adjacent to each of the z direction sides, separated by a small distance, as was done in previous studies.
